Fintz  dinensiool  modules

Huimn (oo
In ths smhior, we restict awselies that g i 4 Semisiple Lie a\gzbm et €, with & fmzd

Lrongulor dacomposion g=N"OHBN'. ¢ the covespondiy root system . A=Cob-- ok} a boss of P,
W the Woyl grosp.
let V is o finite dhencional

~-modwla. V is & weight module ginee H acks dmgcm o V. De 0
Wegl's tpmiﬂdﬂ_ mducfbilitg

cotem, eveny fm\u mengional g-module is o ditect sum of ifeducible
ores, it suffices o Study fwite dmansioal  iedcible g modules

Recall - Cwp o fmphism

Thie Leb dei, there exists only oo irtecucible stondard Gyelic modde VOI= U1 of weight .

Sna V hat at lost one maximal vecto~ i, the V= WgLa !ﬁ frreducibilifa_ Thet meons V is isomorphic o VO

Q: Which of e VN ae fmiiv. dimengional ?

For eoch smple roct ok, let & be the comesponding Copy of l,© n g Seo VI e o finile dimensionl mechule
-ﬁar S vaig ol a maimal veeds for Si Rreoch i, the weight of o maximal veeto Mh) @ 0 nonnegatie
Mtager (one lest than dmy), then we have

Thm: 5 Vis a fwte dimensional fiveducible g-modide. of hralm Weight ). then Mk 8 a nonnegatoe Mieger

for (sist.
We denofe the st v(l dommant - htagral leor functions bg Kt={de H* | Mha€ e for Istst}
Thn: I de R, then the ireductble g-mode VYOI & finte dimensinal. Moreower, its set of weghte Tk &

permuted by W with dinVu= dimViw for bew:
pf- Stp £ VI wontoe 0 nonzeo fuite dnensionl. 8- mechle for exch leist

< g M
T w2 tis a G-mdde , we nod to check it is stable wnder % e, k.
CRYS we= -kik-t-da) g v

MG =0 s G R Ra0 3w & onoties maamal veto of V). controdictzd
with treduciblety.

v ke Hik v =(=2k+MhalyFe,
Stpd VO ks Be sum of ol s fmite dmensiowl G- submodubes fir exch (stsl. Deroted by V'
B s nocz0 by S £ Lok W be ay finte dimensoal %~ somedule vf‘ Van.
Not tat ZW for och is Ul fnte dinansimal, Se- stable. Thor V= V' by vecluciblity.
Shop 3 - Si= erpixa epPy) ep ) is o well- defied atomorphiom of WAL
Indaey, fcr ay ve V. v et h o -fnm‘& Sum vf fmmz dimensional G- submodules | hene  a ‘frhtfz

dimensional G- modyle. It rmpbte& Pl ond By e lnmﬂg nilimfm’c endomwphivns of v -for
Is¢sd.



Qﬁg If Wi Oy weight of V. thon lVal= Ve
Sne Vi is -fh\‘f!. dmansional, lies M Q fnmfa. um Df\ 'fxm‘fo_ dimancional  S- submodules, hencz

in o fnte dimensionl S- mckle N, Thea S|y, seds to the Weight  vectis of weight ~ 6utul,
Then (Wl = Vexw bH Scis on mdz)rvu\Phl‘sm.

Sop s - The st of weights TN iy finde. By Sop4, TN s stoble wder W. ond dm Vum Vi
Considar A=1{ JeH¥ [ Mkl € Z for [€isl}, Vueh, i conjugaie ws W o tne and only
one domnate IhfﬂaemL wejah{. Moveoverr, Y we T, the dominant rh{zgraL wa‘ah‘f ). llmyg
the foct: the st of W-owjugatee of all dominont integeal breor functin U<\ i e,

Gnlugion: Shez dmVu s fmi’ca ‘(Er all weM, ond WM e fwte, then dmV i fmntz.

(or: The map Y= V() imduces o one-one. FDN‘Q&Pmdana_ between A' and Hhe isomorphiam - classes o(l

fnite dimensional infeducible 9~ moclules

Now we temon VN n e fmte dmensoal situotin, ie. Ae

Prop: wen bolongs fo T € ond all e W- comgugotas bo. < A

P =" obvius, she. TN & permetad by W.

<), 3 6eW s G s domhant ima gral <1, then bue MH Sne A-bu= S %ok

let wemhl, by VoyQ& complote Nduublh‘fg theomt, W Ues h some itveduciblo. fm&n g modhilo .

Gonaidor Vs ia (i€ 2) 2 thvonont wder G, e the W@gh{x ih T\ O{' the {rxm w+il fwm 1)
Conected  Stang. Moreover, the reflacton ba feverses ths :h-ag‘r‘nm U= 66U € WEdl= T\

|Q: See. an exampla?|

Considar §= sl W= #Su. o, &Sy ", con b untton os o s Combintion of' ).,
where h=FC2ata) A=l
I L aTA '

= Q) hds =4 AETN S Sichl € TKh)

daz —}L*}M—A)z) P \_ﬁ .




Q: How b0 chotactuise VO by gerarabors and relotions 7

® W

Resoll. that -there is 0 Canonical homomarphisrt of lo.-(-‘% u(3\—modub. ¥ u%h — fh=19a
1 — 19V,
where I & the laf& iolaal v(l ug ganam’md b& AxCo>0) ond  ha= Mho).1 Caep)
By PBW bosly, W= qaWn = g%aw—g&g,v» 0= geud® g0 (e MRS ug%m
uul\ﬂ uck o~ Q=9
Eqwal:m’c‘g, ) s the awihitaton of o moomol vector Vi of wqgh't A

Now a AN, & Jh ke te lz{% idaal M WY which amihilatee o maxmol vector of weight )
The mclusion ICM ST mduet te wponcal m w ug)
¥z T S VO

Thn: Leb Ae K then T &8 gonereted by I abng with all chu\nﬂ_
pf> let Y s azmmfad by 101 along wh ol g

S_fg&_ Vi = /I(M is -fmr& dimensional., Thonks t0 the me U(’ the oboe Thm, it sufﬁce f0 shaw
viD ie o sum oe {nte dinenciowl Si- submodules. H is equialent o show each Y od % i
“m”ﬂ m‘(fofrmE o VO For % It is obvioue, Shce We cnmot have u+kol <) ftr all k20
For i, by "W thm, VOV s sponned by B coxts of Y o (12§
Tnduction o length of momomials, storng at L. ten poves e bl wilpotince of e
Cla that i Yo Yoo © kiled by 4= Hon ‘the lngor monomial Yo g is kiled by g+
Tdeed, 4 o o T = 0™ ol - T + 4o o Yo T

4

(et 0+ (10 g i 4 b e ol ) - T

Smm&s%m&m h(m[cmgfh of wost 4,
Step2 : On we hond, VN i Slondod gyolic, © & & indecom po sable

On the other hod, VN & -Fmiﬁz dinensional, €0 € s oonplete reducible.

Henz, VAN & dveduaible. The Ty implies Hat WA s 0 homomorphic. mage. of YUy
B ofoces VA=VD By WA s veducible.

Q: As i USuaUg done, whats tie character off V() ?

Racoll, that the fowal choracto) chygy e dofined by E{nmue“, whare  Mcu) =
e WAy
et i e basie of gp rhg N with  addetion

Wac&er\ahm%m‘ﬂ!\\%{ pot= ot

The chatocken of MW ie ey fo 520, Sha Hhe weight of boois veclars 0% >

dim Wy

mal Eplioobion @et= o™ ad extend by Unessety



- o T Rk T _ptat -2«
Then Wy = € Ty ™ = & T (e We denote uzgv(“e ) 53 A
hn: C Wyl Choractep  Formula
Thm Il mulQ) C,th.\ - o ukzwsan(w] QWA
Pg Moy 1+ (bnsidan?g the compostiion samves of M, then chyg= E,\*[M(M.Vluﬂchvm, wheta.
CACN, VT s the numben of bumes VW 0pai as O compositin foctor. Note
dot i CMAL VI 20, we must hae \L2). She eoch VW a8 a wbquotient o Lo
ard Commr eloment (L aets on MO by scalar <Mp, MepS - <RE>. Thet we hae
<>.+\>, }\+Q>=<u+\>,u-e S r{! LMo, Lt £0, Lot S={ uek® [ wr), <wp, wapd>= <, MY,
we can rewrite by Chacy = “EO‘*“Q"V(N, where Ow= MM Vel , ordop b& total
ordanig nharited from the partinl ordar <.

gim\_m Gonsidar the mfmiﬁz mabr (Qqat has nomegatiie hiagen entrtes, is upper ~Briaagular-
with =t ooy the diagonal. Shez (Qq) s invertible, Hen chyy= X brehy,
for ome \hﬂ%@ Otzﬁlictzn% bau. Subvtrtude dwa By €N, We hoe Tt
dachy= 3 bwet. Tk weW, sCen) = e (-e¥) Ty (0% =

3 oM =% XA = 4
RCEHy) Ty (€1 =~ E0. Fob 0y ue W, wal= guweia.

Step - On one hand, W b2 N = Esbme"‘“*w. On e other fond, w( 3 bue*N
=N Zbwe " Hence b= gnewd bav of wlusp) = v+p for some wew.
leb Tu={ ve & [wuspevep o ome we WY, Pick o weight v such that the hoight
of &v i mhimal Clam thet v+p e a domnont  Mfegral weight. Moreower, v=).
Indeod, 3 huef swh ta M0 for 168, ushd, and <h>=<uwu>. the M=
(onsider VES, then <v+p, WS =<, dp>, and Gyl >0 for (gied, w?“"?'
® tYV\PUB V=),

S—%o_plx-: Uatl now, W& keow thot \Ql\ any weight cuch that b 20, there & weW such Hht
W= wekpl. Then b= slwibn = gnewl. T mplies = bawe™f = =, 3 e""*‘?"
we hwe done A4



