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In this seminar,
we restrict ourselves that g is a semisimple Lie algebra overI

,
with a fixed

triangular decomposition g= NOHEN" O the corresponding root system .

A = 1x- -All a basis of $.
In the Weyl group.

Let V is a finite dimensional g-module. V is a weight module since I acts diagonally on V
.

Due to

Weyl's complete reducibility theorem
, every finite dimensional g-module is a direct sum of irreducible

ones
,

it suffices to study finite dimensional irreducible g-modules.

Recall :

(up to isomorphism
Thm: Let JeH*, there exists only one irreducible standard cyclic module VISI = High.

Us of weight J.
Since V has at least one maximal vector Vs .

the V= Ugl.
Vs by irreducibility. That means V is isomorphic to VII

Q: Which of the VISI are finite dimensional ?

For each simple rootLi
, let Si be the corresponding copy of s(12,C in g. . See VIII as a finite dimensional module

for Si
.

V is also a maximal vector for Si. For each i, the weight of a maximal rector shil is a nonnegative

integer (one less than dim VI
,

then we have

Thm: If V is a finite dimensional irreducible g-module of highest weight J
,

then hil is a nonnegative integer

for Kie.

We denote the set of dominant integral knear functions by N =< H* 1 dhilEINo for 182-1)

Thm : If de Nt
,

then the irreducible g-module VIII is finite dimensional
.

Moreover
,

its set of weights TTdI is

permuted by W with dim Un = dimVon for 6EW.

Pf: 1 VIII contains a nonzero finite dimensional Si-module for each like.
Il

< V
. YiV, ... yidhily >

To see it is a Si-module ,
we need to check it is stable under Xi

, Yi ,
hi.

· XiYi" v = -k(k-1-khill Y:"Va

· ydhil+ v = 0 Since XjYidhil+ Va = 0
, Yidhiltvs is another maximal rector of VIII ,

contradicted

with irreduciblity.
· hig:

"
V = (-2k+ khilly: Va

Step2 VII) is the sum of all its finite dimensional Si-submodules for each kist
.

Denoted by V

It is non-zero by Step 1
. Let W be any finite dimensional Si-submodule of VISI.

Note that XaW for LED is still finite dimensional
.

Si-stable· Then VISI = V by irreduciblity.
Step3 : Si = exp(Xil expy(-yi) exp(Xi) is a well-defined automorphism of VISI.

Indeed
, for any veV

,
v lies in a finite sum of finite dimensional Si-submodules

,
hence in a finite

dimensional Si-module. It implies P(Xi) and P(yi) are locally nilpotent endomorphisms of V for
1i=1 .



Se4 : If u is any weight of V,
then SisVul = Voin

Since Vu is finite dimensional
,

lies in a finite sum of finite dimensional Si-submodules
,

hence

in a finite dimensional Si-module N
.

Then Silve sends to the weight vectors of weight Gi(u).

Then Si(Vul = Voin by Si is an automorphism.

Step5 : The set of weights Tb) is finite . By Step 4
,

Td is stable under I
.

and dim Vu = dim Vou.

Consider 1 = /H* /Shil I for 11-14
.

FUEX
,

is conjugate under W to one and only
one dominate integral weight .

Moreover
,

VueT)I
,

the dominant integral weight Cd
. Using

the fact : the set of WV-conjugates of all dominant integral knear function USA is finite.
Conclusion : Since dim Vu is finite for all KETTI

,
and TTId1 is finite ,

then dimV is finite.
Cor : The map Ja VII) induces a one-one correspondence between Nt and the isomorphism classes of

finite dimensional irreducible g- modules.

Now we remain VIII in the finite dimensional situation
,

i.e
.

delt.

Prop : neX belongs to TTd) -U and all its W-congugates be <J.

pf : >"Obvious , since TAI is permuted by W.

"UCI , E6. W st
.

GoU is dominant integral <d
,

then GoUETT/1 Since 6-GU = [E+ Li
i=1

Let he Tdl
, by Wey's complete reducibility theor

,
u lies in some irreducible finite g-module.

Consider Vu+ in (it I) is invariant under Si
,

the the weights in TJ) of the form util form a

connected string.

Moreover
,

the reflection 62 reverses this string. Then U= GooUE Wildl = TT())

Q: See an example ? &

Consider g = sls
.

W = /Sa
.. Sac

.
Sa.San JENt

,
can be written as a knear combination of di , do

whereI= 5(2d,
+<2) j= 4x. + 36

I

x= j(G,
+ 242)

xi=G(2x ,
- (2)

< ] . 2.) =4 ↓ Tb1 = SacblETldl

(2= =(-y+2(z) = Saz(IE (d)

#
< 6, G:+2)=7

Weight diagram



Q: How to characterise VIII by generators and relations ?

Recall that there is a canonical homomorphism of left Ugl-module x: Usly -> MI) = UIg) Pucisss
I 1 * V

where ICA) is the left ideal of UIg) generated by Xx(X30) and ha-dihal
.
1 (4)

By PBN basis , Y(g =

g@VFGgV
= gGV = EgUB

EgieMug
or GaVj = 0

Equivalently ,
IC)) is the annihilator of a maximal vector Us of weight ↓.

New fix a de Xt
,

Let Jill be the left ideal in Ug) which annihilates a maximal rector of weight J.

The inclusion ICI CJCI1 induces the canonical map 211 =y1
-> Unly Evil

J(S/

Thm : Let de Xt
, then JII is generated by II along with all yait

pf:Let Jill is generated by I111 along with all y,dhilt.

St1: Visi = Uljigl is finite dimensional
.

Thanks to the proof of the aboveihm
,

it suffice to show

vide is a sum of finite dimensional Si-submodules
.

It is equivalent to show each y: and Xi is

locally nilpotent on VI
.

For X: it is obvious
, since we cannot have utkxi<d for all k=0.

For Yi , by PBW thm
,

Vill is spanned by the cosets of Yi · Yit . (1ijdel
Induction on length of monomials

, starting at 1
,

then proves the local hilpotence of Yi.

Claim that if Y:. Yit is killed by y:" then the longer monomial Yis : Yet is killed by yt3
Indeed , y: Yic : Yet I = Ey: * Yic] Yi : Yet I + dis Y:

**

Ye Yet I = 0

II

((k+2)[Yi . Yi] Y:
*

+ (1/[Y. [Yi . Yic]] Ye
*

+ (
+

) [Yi. [Yi. Eye , Yc5] Ye) Ye Yet I

Since root strings have length at most 4.

Step2 : On one hand
,

Vill is standard cyclic ,
so it is indecomposable·

On the other hand ,
Vill is finite dimensional

, so it is complete reducible.

Hence,
Vill is irreducible

.
JSI <Jcb) implies that VISI is a homomorphic image of Vll1

It forces Vidl = V(b) by VISI is irreducible.

Q: As is usually done
,

what's the character of VISI ?

Recall that the formal character chris is defined byImacule" , where macul = dim Vidlu.
uE T(J)

e" is the basis of group rng EIN with addition

multiplication ere" = edth and extend by unearity.
W acts naturally on EIN by 6e"= eon

The character of MAI is easy to see ,
since the weight of basis rectors are -+

k*d



Then chan = ecped-etp+
11-e% We denotep 11-e by A.

Thm : (Weyl Character Formula
Chris = ePA+Esgiul enc+

pf Se1 : Considering the composition series of M(1
,

then chais= [MI
, Vu] Chrn

,
where

[MdI
,
Vul] is the number of times Vul appear as a composition factor. Note

that if IMI, Vul ] 0, we must have UEJ
.

Since each Vlus as a subquotient of LI6I,

and Casimin element 1 acts on MI/1 by scalar <+ p ,
d+ p> - < pp>. Then we have

(+p, d+p) =<+p , u+p) if [M(l
.

Llu1] + 0
.

Let S= Cuth* /UEd ,
<u+p,

u+p) = < d+ p ,
d+ p> >,

we can rewrite by chic = I Asuchvin
,

where asu= [M(d1 : VIM]
,

order by total
UCS

ordering inherited from the partial order

Step2 : Consider the infinite matrix (ayul has nonnegative integer entries
,

is upper triangular
with ass =1 along the diagonal. Since (ayul is invertible

,
then Chris-ubouchu.

for some integer coefficents bou
.

Substitute chim by "At
, we have that

e Achv= baue
.

Take SitW,
siceAl = epic-en-e) =

el(e*-11 pais
11-e-4 = -ePA. For any we W

,

we"Al = SyncwlePA.

: On one hand
. We blue = I bluemutp? On the other hand

, whbsue"
-

UES

= syncul Esbsue"P .
Hence bou= synculbar if wutpl = r+ p for some weW.

Let Tu = [Vth* /win+ pl = r+p for some we WY
.

Pick a weight such that the height

of d-r is minimal
.

Claim that v+ p be a dominant integral weight.
Moreover

,
v = J.

Indeed . If due At such that Shil >o for List
,

Rid
,

and < 6
. 6) = < u, u)

, then d= u.

Consider VES
,

then Su+ p ,
v+ p) = <+ p,

d+> ,
and Depihiko for Lice

, Upd+p.

It implies v= J.

Step 4 : Until now
,

we know that for any weight such that bou to
,

there isweW such that

u+p = w(d+ p1 .

Then ban = synculba = sgncul .

It implies blue =

w squl eved+

p

we have done??


